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1. Introduction

Weighted synchronization of neighboring axes can be done by couplings of gears. If the distance between axes is large,
two popular synchronization techniques are available: the e-gear design and the belt system. With the advancement of the
mechatronics technology, traditional mechanical computations using such as gear sets, linkages and cam mechanisms are
able to be replaced by electronic computations. The e-gear concept is based on the broadcasting of the master axis motion
information via communication links so that distant axes can be synchronized by driving motors with those master motion
trajectories as the reference signal [1-4]. Since there is no mechanical coupling between the master and slaves, long
distance synchronization among multiple axes can be realized. In this configuration, each slave axis can be with different
loading conditions and external disturbances. Individual robust or adaptive strategies can be designed to ensure good
tracking performance of each axis and hence the synchronization performance of the entire system is obtained.

In general, the e-gear system lacks of one very important property in the mechanical synchronization designs, i.e., the
loading conditions of the slaves cannot be reflected back to the master directly. Although some more sophisticated designs
with feedback paths from slaves can be constructed to this purpose, regulation for consistent global synchronization
performance is still a challenge.

The flat belt mechanism is widely used in industrial applications for long distance power transmission due to its low
cost and low noise. Since its operation is mainly via the friction force between the belt and pulleys, the slipping effect
largely reduces the synchronization performance [5]. On the other hand, the timing belt effectively eliminates the slipping
which results in more applications requiring high speed and high efficiency [6]. For precision servo applications, however,
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compliance of the belt may induce mechanical vibration or high-order resonance that will reduce system stability margin
in the servo loop [7-10]. The flexibility of the belt is also a known source of nonlinearity in the closed loop dynamics. In
addition, the dynamics of the belt may change due to belt aging and environmental factors such as temperature and
humidity [11]. Differences in the loading condition will also give variations in its dynamic behavior. Therefore, belt-driven
servo systems may only give limited repeatability and accuracy.

To improve the control performance, Jokinen et al. [6] presented a detailed report on the physical drawbacks in high
speed belt driven systems. Better modeling techniques were proposed in Gong et al. [12] and Huang et al. [5] to facilitate
the controller design. Many active control strategies have been proposed to suppress vibrations and improve servo
performance in the belt-driven servo systems under various system uncertainties. Li and Rehani [13] suggested a PID
controller with some tuning rule for positioning problems in belt-driven systems. Many intelligent and learning based
controller designs were also suggested [9,11,14-16]. Various robust designs were reported in Hace et al. [7,8,17,18], and
Sabanovic et al. [19]. Wu et al. [10] also proposed an input shaping technique to reduce residual vibration in the belt-
driven systems.

Because it is very difficult to have a precise belt dynamics, model-based control strategies can only give limited
performance when accurate positioning is required. To eliminate the inherent vibration due to the belt dynamics, some
more advanced strategies are needed. From the review presented above, few reports on the adaptive designs for the control
of belt-driven systems are found which is mainly because there are too many time dependent uncertainties in the system
dynamics. In this paper, we would like to employ the function approximation technique (FAT) based strategy [20-29] to
propose an adaptive controller to effectively suppress vibrations in an uncertain belt-driven servo system so that good
performance can be achieved. The highly nonlinear belt dynamics is firstly represented as a finite combination of known
basis functions. The coefficient vector is then updated by an adaptation algorithm. To prevent possible parameter drifting,
the o-modifications to the update laws are enforced. The steady-state behavior of the system output error can be proved to
be uniformly ultimately bounded by using the Lyapunov-like stability theory. Simulation cases are presented to justify the
proposed strategy.

This paper is organized as follows. Section 2 introduces the equation of motion of a belt-driven servo system. Section 3
derives the function approximation based adaptive controller for vibration suppression. Section 4 presents the simulation
results. The last section concludes the paper.

2. Dynamic model of belt-driven servo systems

A typical belt-driven servo system is shown in Fig. 1. A servo motor is installed to drive the driving pulley on the left so
that the table M. can be regulated to the desired position precisely. The symbols Kj, K> and K5 represent the nonlinear
spring effect of the belt flexibility. The actual spring forces for these three nonlinear springs are modeled as k;;(x)x+ki2(x)x>,
i=1,2,3, where k;j(x) are state-dependent stiffness coefficients. Due to these flexible components, unwanted vibration could
be excited if the system is not properly controlled.

The mathematical model of this system can easily be found as

McX—k11(Rq1—%)—k12(Rg1—X)’ + ka1 (X—Rq2)
+kpo(x—Rq2)} +f;+f1=0
J2Gy—ko1 R(x—Rq2)—ka2R(X—Rq2)? + k31 R*(q2—q1)
+k32R*(G2—q1)* + 17, =0
U1 +G*(Jc +Jm)ld1 +ki1R(Rq1 —X) + k12R(Rq1 —x)
+k31R*(q2—q1) +k32R*(q2—q1)* + 171 = GT (1)
where x € R is the displacement of the table whose mass is denoted as M. The real numbers q; and ¢ are, respectively, the
angular displacements of the master and idle pulley. Assume that both pulleys are with the same radius, but with different
inertia where J; is for the master while J, is for the idle. The motor output torque is denoted as 7, and the positive numbers
G represents the gear ratio in the velocity reduction mechanism. J,, and J; are, respectively, the inertia of the motor and the

gear set. s and 1y, are torques induced by friction forces in the two pulleys, respectively, while f; is the friction between
the table and its support. The symbol f; represents the external disturbance on the table.

K K:
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£

Fig. 1. A typical belt-driven servo system.
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Let us rewrite system (1) in its state space representation by defining
. . . AT
X=[X1 X2 X3 Xa X5 XG}T=[X X @2 G 41} e R®

and the system equation becomes
X1 =X
X2 =x3+d2(X)
X3 =2Xg
X4 = X5 +d4(X)
X5 =Xg
Xg = dg(X)+gU (2)

where
k k k
dy(X) = —x3+ N% (Rxs—x1)+ N% (Rxs—x1)>— Miz (x1—Rx3)

kzz 3 1 1
- E(Xl —Rx3)”— ﬁcff— Efd

k k k
da(X) = —Xs + %R(xl —Rx3)+ %R(xl —Rx3)’— fR%xg —Xs)

J J
ksz o 3 1
— —“R°(X3—X5)"——
T (X3—Xs) I T2
_ 1 3
ds(X) = m [—kl1R(RX5—X1)—]<12R(RX5—X1)
—k31R*(x3 *Xs)*k32R2(X3*X5)3*Tf1]
g= G
T 1+ G +)m)
u=1

Since the spring stiffness and the friction forces are difficult to obtain, we would like to assume that their values are
unavailable. Therefore, d,, d4, and dg become uncertainties. It should be noted that g is a constant and is also assumed to be
unknown. Let us represent it in the multiplicative form g=g,,Ag where g, is the known nominal value and Ag is the
uncertainty satisfying

_ &min 8Emax

(5min = g—m < Ag < g—m E(Smax (3)

where gmin and gnmax are, respectively, the lower bound and upper bound for g. Since uncertainties d», d4 and dg are
functions of states, their values are time-varying without knowing their variation bounds; therefore, both conventional
adaptive designs and robust strategies are not feasible. What is worse is that d, and d,4 enter the system in a mismatched
fashion; therefore, most control schemes fail. In next section, we are going to design an FAT based adaptive controller to
stabilize the whole system without knowing its precise model. Besides, the vibration in the system output should be
effectively suppressed.

3. System stabilization and vibration suppression

In this section, we would like to design a controller u for system (2) such that the error between system output x; and
its desired value x4 is small with rigorous mathematical justification. The derivation is based on the sliding control theory
incorporating with the adaptive design so that the mismatched uncertainties can be tolerated. Since the order of system (2)
is 6, let us define the error signals below to quantify the convergence performance

€; = Xi—Xiq, i=1,..,6

where Xx;4 is the desired trajectory of x;. A step-by-step design procedure based on Huang and Chen [24] is employed.
Firstly, let us consider the error dynamics of e; by taking the time derivative of e; =x; —x;4 and plugging the relationship
X1 =X and x,=e,+X,4 to have

€1 =ex+Xyg—X1q (4)

It is seen that the dynamics of e, is driven by the right-hand side of Eq. (4) where X, is known and x4 is to be designed.
To stabilize this dynamics, we may regard x,4 as a virtual control, and we prefer a realizable design as

Xaq =X1g—C1€1 (5)
where c; is a positive number. With this selection, Eq. (4) can be rewritten as

e =ey—cre; (6)
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Obviously, if some proper control strategies are available such that e, is small, then e; will be small as desired.
Therefore, we need to investigate the dynamics of e,. Along the same line, the next step is to take the time derivative
of e, as

€y =e3+X3q+dr—Xoq (7)

where X,4 is a known value which can be found from Eqgs. (5) and (4). Similarly, we would like to make e, small by
stabilizing this dynamics. Now, let us regard x34 as a virtual control to be in the form

X3q =Xaq—d2—C2€5 (8)

where c; is a positive number, and do is an estimate of the mismatched uncertainty d,. Insert Egs. (8) into (7), and we
may have

é; =e3—Crer+(dr—dy) (9)

This error dynamics implies that if e5 is small and some update law exists such that the error between ds and d; is small
then e, will also be small. Together with Eq. (6), we may further have small magnitude in e;. However, to ensure e; small,
we need to stabilize its dynamics. To this end, let us find its error dynamics by taking the time derivative as

€3 =e4+Xaqg—X3q (10)
where X34 can be found from Eqgs. (8) and (9) as
X3q =Xpg—dy—Cy(e3—Cr€ +dr—dp)
= X3gk +X34u
where X3q; =>22d—£lz—cz(e3—cze2—flz) is the known part in X34, while X34, = —C2d; is the unknown part in Xx34. Let us define
d3 = —X34y, then we may select x44 as
Xag = X3qe—d3—C3€3 (11)
where d; is an estimate of ds, and c5 is a positive number. This way the error dynamics of e; becomes
é3 =e4—C3e3+(d;—ds) (12)

Likewise, if e4 is small and we may design some update law to have d;—d; small, then small magnitude in e; can be
ensured. Next, we investigate the dynamics of e4 as

€4 ==e5+Xsq+ds—Xyq
= e5+Xs5q+d4—Xaqk—Xadu (13)

where X4, and X 44, are, respectively, the known and unknown part of X44 that can be easily found from Eqs. (11) and (12).
Define d4 = d4—%44,, then we may select xs4 as

X5q = X4qx—d4—Cae4 (14)
where d, is an estimate of d4, and c, is a positive number. Therefore, the error dynamics of e, becomes
4= e5—Cse4+(ds—dy) (15)
Along the same line, we may find the error dynamics of es to be
€5 = €5 +Xgq—Xs5q
= €5 +Xed—X5ak—X5du
= €5 +Xgq—X5qx +ds (16)
The desired trajectory xgs can thus be determined as
Xgq = Xsqk—ds—Cses (17)
Then we have
€5 = eg—Cses +(ds—ds) (18)
Finally, the error dynamics for eg is found to be
6 = d +ZU—Xeak—Xodu
= dg +8U—Reak (19)

To stabilize this error dynamics, we may select the control law as

1 e
U= —(—ds+Xgax—Cs€6—Ur) (20)
8&m
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where u, is a robust term to be determined. With this design of the control law, Eq. (19) can be further derived as

é6 = —Co€s +(ae—36)+(1 —Ag)(ﬁs—kedk+06€6)—Agur (21)
At this stage, we have already obtained the dynamics for all error signals, and they can be collected from Egs. (6), (9),
(12), (15), (18) and (21) to form
é1=e,—C1e;
ey =e3—C20+(d; —32)
é3=e4—C3e3+(ds —33)
€4 =105—C484 +(a4—34)
é5 = eg—Cses +(ds —35)
€ = —Ce€s +(a(3_é6)+(1 —Ag)(éG_XGdk +Csep)—AgUr (22)

where we have defined d, = d, and d, = d, for simplification in derivation. From here, it is clear that if update laws for d;,
i=2,...,6, are designed properly and the robust term u, is effective to cover the terms in the last subsystem in Eq. (22)
involving the multiplicative uncertainty, then we may conclude that the output error will be small in its magnitude. Hence,
we would like to design the update laws and robust term by using the FAT and the Lyapunov-like method.

Since we assume that d;, i=2,...,6, are time-varying uncertainties, we may not apply conventional adaptive strategies to
derive update laws. Now, we would like to approximate their values by using orthonormal basis with the form

a,':WTZi—i-Si .
, 1=2,...,6 (23)

where w; is a vector of unknown coefficients, z; is a vector of known basis functions, and ¢; represents the approximation
error. Define w; = w;—W;, and Eq. (22) becomes

é] =e;—(C1€6q

) =e3—C26y +V~V]2-ZZ +&

€3 =e4—C363 +V~V£Z3 +&3

€4 =e5—C464 +V~V£Z4 +&4

€5 = eg—Cs€s5 +V~V£Z5 +&s
€6 = —Coes +WiZ6+ 86+ (1—Ag)(ds—Xgqx + Coe6)—AgUy (24)

Define a Lyapunov-like function candidate for the last equation in Eq. (24) as
V6=%eé+%v~vgl"6v~vﬁ (25)
where I's is a positive definite weighting matrix with proper dimension. The time derivative of Vs along the trajectory of
Eq. (24) is found as

VG < 7C66é +e6eg+(1+0max)

de—Xeqx +C6s ‘ |es|—Omin€sllr +W§(esZe— s W) (26)

Hence, we may design the robust term and the update law as

1+90 A
Uy = - omax e defxekorCeee’SgH(ee) (27a)
min
ws = I ' (€526 —06Wp) (27b)

where o is a positive constant for the g-modification of the update law to prevent possible parameter drifting. Therefore,
Eq. (26) becomes

Vo < —Coel+ |es||es| + 06 (Whws— | W) (28)
By using the inequalities
1 &2
_Crf? __ 2_%6
ceeg+ |es||es| < 3 (cGes Ce)
- < 1 .
WhWs— W |* < — 5 (s |*— [ we |*) (29)

Eq. (28) can be derived as

. 1 &2\ 1 <2 2
Vo =~ (coed—£2) ~ 5 ool W~ we|
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ez 1, . .2] Tcse 1 2 &
~atgVo-+t0 |55 + 5 (T s | - 55 + s ] + 5 s el + 52
where o5 is selected as og < min{cg,(0s/Amax(I's))} to give
1 1
V5 <—ogVg+ = O'6HW5H + 6 (30)

Therefore, Vg < 0 whenever

o
Ve > g = ﬁHWSHZ"‘

(ese) < { eve) ) (31)

where ¢ can be regarded as the thickness of the boundary layer for the 6th error signal. The result obtained here implies
that (eg,Ws) is uniformly ultimately bounded. In addition, we can conclude that given any ug > 0, there exist Tg>to >0
such that

Ve(t) < pg+ g for 1>Ts (32)

To facilitate the following derivation, we define w; =0 and ¢;=0 (they do not appear in Eq. (24)). Then, we may define
the Lyapunov-like functions

Vi=le? +IWlTiw;, i=5,4,3.2,1 (33)
With the time derivative along the system trajectory as
Vi=—cie? +ei(e; 1 +&)+ W] (ezi—T'W;) (34)
we may design the update laws to be
w; =TI (eizi—01Wy) (35)

where ¢; is a positive number. After some rearrangement, Eq. (34) becomes
Vi<—oiVi+ = Hw, & +5c (s +eiy1) (36)

where o; < min{c;,(6;//max(I'}))} For ty <t <T;,;, we may have V; <0 whenever

(e, W) € E; = {(e, W[V > ) (37)
where
; 2
b;= H i+ 5 {sup lei()] + \/zmax{ Viei(to) iy iy }}
T=>1to

This implies that V; is bounded for all te[to,T;+1], i.e., before convergence of V;.1, V; is bounded. Define

2
1
qb,— H w;[? + 55 {SUchl(r)+\/2(¢,+1+u,+1)}

then after the convergence of V;. (i.e., t > Tj.1) into ¢’;+ 1+ i+1, V; is bounded where p; > 0 is some constant such that there
exist T;> T+, to have V;< ¢';+u; for all t>T;. We have proved that (e;,W;) is uniformly ultimately bounded, and also
established the order of convergence starting from e, and ending with e;. During convergence of e; boundedness of e;,
j=i—1,...,1 are ensured. Specifically, when t > T;, we may have

le1(®)] = [x1—X14| = V/2V1 < /2(d'1+11y) (38)

This ensures that the output error of the belt servo system with the proposed controller will be bounded by some
constant adjustable by controller parameters. It is shown that the performance is achieved regardless of the mismatched
time-varying uncertainties.

Theorem. Consider the belt-driven servo system described in (2), where d,, d, and d¢ are state dependent uncertainties
whose variation bounds are not available, and g is a bounded uncertainty satisfying (3). By designing the robust term according
to (27a), the control strategy (20) together with the update laws (27b) and (35) ensure that the system output be uniformly
ultimately bounded. Specifically, the output signal is upper bounded according to (38), which is adjustable by controller
parameters.

4. Simulation results

To verify the vibration suppression ability of the proposed design, two simulation cases are presented for the belt-
driven servo system in Fig. 1. The first case is the regulation of the table starting from rest at the initial position x;=0(m) to
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Xxg=1(m) with time-varying disturbances. The second case presents the same regulation problem but the external
disturbance is not only time-varying but also state-dependent. For both cases, the PID control performance for vibration
suppression will be given for comparison. The system parameters used in the simulation are selected as M.=30 kg,
k11=490,000 N/m, k;,=150,000 N/m>, k;;=260,000 N/m, ky,=120,000 N/m?, k3;=170,000 N/m, k3,=130,000 N/m?, G=1,
R=0.02 m, J;=J,=0.000035 kg m?, J;=0.00012 kg m? and J,,=0.0012 kg m?. A lumped friction model [30] is used to
represent the friction force between the table and its support as

= Fsgn(%)+ (Fs—F.)sgn(x)e~ /"’ 4-C,x
f

where F; is the static friction effect, F, is the Coulomb friction force, C, is the viscous friction parameter and V; is the
characteristic velocity of the Stribeck friction. In practical applications, except for the static friction force F; which can be
easily obtained by simple experiments, all other objects in this model are generally not readily available. On the other
hand, the friction effect depends on the table position, lubrication condition, temperature, operation situation, etc.;
therefore, it is reasonable to model its effect as a function of the system states and time. In this simulation study, we use
F.=35N, C,=15Ns/m, F,;=0N and V,=0.019 m/s. Friction forces between the belt and pulleys are modeled as
751 = 0.059, (N) and 5, = 0.05q; (N). The controller parameters used in both cases are selected as ¢;=8.5, ¢,=0.3, c3=5.0,
c4=0.01, c5=1.5, ¢cg=0.5, g1=5, 6,=0.0000001, 63=6.2, 64=3, 65=7, 65=0.6, I'1 =0.136I, I'; =I's =Ty =I5 =0.003I and
I's =0.0011 The 11-term Fourier series is used as the basis for function approximation.

Case 1: Regulation with time-varying disturbance.

In this case, we consider the regulation of the table position subject to time-varying disturbance f; = 10+ (—5sin2t)> (N).
The time history of the table displacement by using the PID controller is shown in Fig. 2. It is seen that significant vibration
is observed in the transient phase, while some low frequency oscillations still present in the steady state. In addition, to
stabilize the system, the PID controller has to send out large energy. On the other hand, the FAT-based controller drives the
table smoothly to the target position without any oscillation in Fig. 3 regardless of the system uncertainties and external
disturbances. Besides, the transient is much faster than that of the PID control. The steady-state error here is 0.1431 mm.
The control effort is typical to sliding based strategies. Since the mechanical part of the system is a low-pass filter, it can
effectively eliminate the high frequency component in the control signal resulting in a smooth trajectory in the table
displacement. The fast control activity can be realized with switching power amplification techniques easily.

Case 2: Regulation with time-varying and state-dependent disturbance.

The disturbance considered in this case is f; = sinx+xsin5t which is applied to the table directly. Fig. 4 shows that the
PID controller cannot give stable regulation in this case. The proposed controller can still give consistent performance both
in the transient and steady state. Therefore, we may say that the proposed strategy can give good performance to the belt-
driven servo systems without excitation of vibration (Fig. 5).
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Fig. 2. PID control performance in case 1: (a) output error and (b) control effort.
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Fig. 3. Proposed control performance in case 1: (a) output error and (b) control effort.
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Fig. 4. PID control performance in case 2: (a) output error and (b) control effort.

5. Conclusions

An active control strategy is proposed to a nonlinear belt-driven servo system with time-varying uncertainties subject
to external disturbances to achieve fast positioning without excitation of vibration. The strategy is based on the
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Fig. 5. Proposed control performance in case 2: (a) output error and (b) control effort.

approximation of the uncertain dynamics by using orthonormal basis functions under rigorous mathematical justification
of closed loop stability. Simulation cases show effectiveness of the proposed design.
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